COMPUTING THE GYSIN MAP USING FIXED POINTS

LORING W. TU

ABSTRACT. This article shows how the localization formula in equivariant cohomology pro-
vides a systematic method for calculating the Gysin homomorphism in the ordinary cohomol-
ogy of a fiber bundle. As examples, we recover classical pushforward formulas for generalized
flag bundles. Our method extends the classical formulas to fiber bundles with equivariantly for-
mal fibers. We also discuss a generalization, to compact Lie groups, of the Lagrange—Sylvester
symmetrizer and the Jacobi symmetrizer in interpolation theory.

In enumerative geometry, to count the number of objects satisfying a set of conditions, one
method is to represent the objects satisfying each condition by cycles in a parameter space M
and then to compute the intersection of these cycles in M. When the parameter space M is a
compact oriented manifold, by Poincaré duality, the intersection of cycles can be calculated
as a product of classes in the rational cohomology ring. Sometimes, a cycle B in M is the
image f(A) of a cycle A in another compact oriented manifold E under a map f: E — M. In
this case the homology class [B] of B is the image f,[A] of the homology class of A under the
induced map f,: H.(E) — H,(M) in homology, and the Poincaré dual ng of B is the image of
the Poincaré dual 14 of A under the map H*(E) — H*(M) in cohomology corresponding to
the induced map f, in homology. This map in cohomology, also denoted by f, is called the
Gysin map, the Gysin homomorphism, or the pushforward map in cohomology. It is defined
by the commutative diagram

Hk(E) J+ Hk—(e—m) (M)

P.D. l >~ >~ l P.D.

He—k(E) T> e—k(M)7

%

where ¢ and m are the dimensions of £ and M respectively and the vertical maps are the
Poincaré duality isomorphisms. The calculation of the Gysin map for various flag bundles
plays an important role in enumerative algebraic geometry, for example in determining the
cohomology classes of degeneracy loci ([22], [19], [15], and [13, Ch. 14]). Other applications
of the Gysin map, for example, to the computation of Thom polynomials associated to Thom—
Boardman singularities and to the computation of the dual cohomology classes of bundles of
Schubert varieties, may be found in [12].

The case of a projective bundle associated to a vector bundle is classical [1, Eq. 4.3, p. 318].
Pushforward formulas for a Grassmann bundle and for a complete flag bundle are described
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in Pragacz [23, Lem. 2.5 and 2.6] and Fulton and Pragacz [14, Section 4.1]. For a connected
reductive group G with a Borel subgroup B and a parabolic subgroup P containing B, Akyildiz
and Carrell [2] found a pushforward formula for the map G/B — G/P. For a nonsingular G-
variety X such that X — X /G is a principal G-bundle, Brion [8] proved using representation
theory a pushforward formula for the flag bundle X /B — X /P.

The pushforward map for a fiber bundle makes sense more generally even if £ and M are
not manifolds ([5, §8] or [10]); for example, E and M may be only CW-complexes, so long
as the fiber F' is a compact oriented manifold. For G a compact connected Lie group, T a
maximal torus, and BG, BT their respective classifying spaces, Borel and Hirzebruch found in
[5, Th. 20.3, p. 316] a pushforward formula for the universal bundle BT — BG with fiber G/T.

Unless otherwise specified, by cohomology we will mean singular cohomology with rational
coefficients. A G-space F' is said to be equivariantly formal if the canonical restriction map
H(,(F) — H*(F) from its equivariant cohomology to its ordinary cohomology is surjective.
The main result of this paper, Theorem 5, shows that if the fiber F' of a fiber bundle £ — M is
an equivariantly formal manifold and has finite-dimensional cohomology, then the Gysin map
of the fiber bundle can be computed from the equivariant localization formula of Atiyah—-Bott—
Berline—Vergne for a torus action ([3], [4]). This provides a systematic method for calculating
the Gysin map. In particular, we recover all the pushforward formulas mentioned above, but in
the differentiable category instead of the algebraic category.

Equivariant formality describes a large class of G-manifolds whose equivariant cohomology
behaves nicely [17, note 5, pp. 185-186]. These manifolds include all those whose cohomology
vanishes in odd degrees. In particular, a homogeneous space G/H, where G is a compact Lie
group and H a closed subgroup of maximal rank, is equivariantly formal.

In fact, the technique of this article applies more generally to fiber bundles whose fibers
are not equivariantly formal. Let Fi; be the homotopy quotient of the space F' by the group
G and ©: Fg — BG the associated fiber bundle with fiber F. For any fiber bundle f: E — M
with fiber F and structure group G, there is a bundle map (h,k) from the bundle E — M to the
bundle F; — BG. We say that a class in H*(E) is an equivariant fiber class if it is in the image
of h*: Hj;,(F) — H*(E). In Theorem 6 we compute the pushforward of an equivariant fiber
class of any fiber bundle f: E — M such that the pullback f*: H*(M) — H*(E) is injective.

Using the residue symbol, Damon in [11] computed the Gysin map for classical flag bundles,
fiber bundles whose fibers are flag manifolds of the classical compact groups O(n), U(n), and
Sp(n). Since these flag manifolds are equivariantly formal, our Theorem 3 includes these cases,
although in a different form. In Section 11, we work out the case of U(n) as an example.

The pushforward formula in Theorem 5 suggests a geometric interpretation and a gener-
alization of certain symmetrizing constructions in algebra. To every compact connected Lie
group G of rank n and closed subgroup H of maximal rank, we associate a symmetrizing op-
erator on the polynomial ring in n variables. When G is the unitary group U(n) and H is the
parabolic subgroup U(k) x U(n — k) or the maximal torus U(1) x --- x U(1) (n times), this
construction specializes to the Lagrange—Sylvester symmetrizer and the Jacobi symmetrizer of
interpolation theory respectively.

This article computes the Gysin map of a fiber bundle with equivariantly formal fibers. In
the companion article [21], we compute the Gysin map of a G-equivariant map for a compact
connected Lie group G.
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1. UNIVERSAL FIBER BUNDLES

We work in the continuous category until Section 5, at which point we will switch to the
smooth category. In this section, G is a topological group and f: E — M is a continuous fiber
bundle with fiber F' and structure group G. This means G acts on F on the left and there is a
principal G-bundle P — M such that E — M is the associated fiber bundle P x ¢ FF — M. Recall
that the mixing space P X F is the quotient of P X F by the diagonal action of G:

g (p,x) = (pg',gx) for (p,x) ePxFandgeq. (1.1)

We denote the equivalence class of (p,x) by [p,x].

Let EG — BG be the universal principal G-bundle. One can form the associated fiber bundle
n: EG XgF — BG. The space Fg := EG X g F is called the homotopy quotient of F by G, and
its cohomology H*(F) is by definition the equivariant cohomology H{;(F) of the G-space F.
The following lemma shows that the bundle 7: Fgz — BG can serve as a universal fiber bundle
with fiber F and structure group G.

Lemma 1. For any fiber bundle f: E — M with fiber F and structure group G, there is a
bundle map (h,h) from f: E — M to nt: Fg — BG such that the bundle E is isomorphic to the
pullback bundle h* (Fg).

Proof. The classifying map & of the principal bundle P — M in the diagram
P——FEG

o

M—h>BG

induces a map of fiber bundles

E=PxgF L~ EGxgF=Fg

fl l” (1.2)

M BG.

h
Recall that the fiber product over a space B of two maps &¢: M — Band : N — B is
M xpN :={(x,y) €M xN|oa(x)=B(y)}

and that the total space of the pullback to M of a bundle f: N — B via amap a: M — B is
a*N:=M xpN. If N is a right G-space for some topological group G, then so is the fiber
product M x g N, with (m,n)g = (m,ng) for (m,n) € M xgpN and g € G.
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Since the principal bundle P is isomorphic to the pullback 2*(EG) of EG by h, it is easily
verified that E is isomorphic to the pullback h*(Fg) of Fg by h:

E=PxGF ~h(EG)xgF = (M x3c EG) xGF
~ M Xpg (EG XgF) =M xpgFg :h*(FG)-

(In the computation above, the notation X g denotes the fiber product and the notation Xg
denotes the mixing construction, and the isomorphism

(M XBGEG) XGFEMXBG(EG XGF)

is given by
[(m,e),x] «— (m,le,x])

formeM,ec EG,and x € F.) O

2. EQUIVARIANT FORMALITY

Let G be a topological group acting on a topological space X, and X the homotopy quotient
of X by G. Since X fibers over the classifying space BG with fiber X, there is an inclusion
map X — X and correspondingly a restriction homomorphism H;(X) — H*(X) in cohomol-
ogy. As stated in the introduction, the G-space X is defined to be equivariantly formal if this
homomorphism H}(X) — H*(X) is surjective; in this case, we also say that every cohomology
class on X has an equivariant extension.

The following proposition gives a large class of equivariantly formal spaces.

Proposition 2. Let G be a connected Lie group. A G-space X whose cohomology vanishes in
odd degrees is equivariantly formal.

Proof. By the homotopy exact sequence of the fiber bundle EG — BG with fiber G, the con-
nectedness of G implies that BG is simply connected. Since X — BG is a fiber bundle with
fiber X over a simply connected base space, the E,-term of the spectral sequence of the fiber
bundle X — BG is the tensor product

EP = HP(BG) 9 HY(X)

(see [6, Th. 15.11]). Recall that the cohomology ring H*(BG) is a subring of a polynomial
ring with even-degree generators [24, §4]. Thus, H?(BG) = 0 for all odd p. Together with
the hypothesis that H9(X) = 0 for all odd ¢, this means that the odd columns and odd rows of
the E,-terms will be zero for all r. For r even, d,: E"? — Er’:'rlr’q_ﬂrl changes the row parity
(moves from an odd row to an even row and vice versa); for r odd, d, changes the column
parity. Thus, all the differentials d, for r > 2 vanish, so the spectral sequence degenerates at
the E,-term and additively

HE(X) = H*(Xg) = Eo = E; = H*(BG) @ H* (X).

This shows that H},(X) — H*(X) is surjective, so X is equivariantly formal; in fact, for any
o € H*(X), the element 1 ® a € H*(BG) ®g H*(X) = Hj(X) maps to o. O
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3. FIBER BUNDLES WITH EQUIVARIANTLY FORMAL FIBERS

In this section we compute the cohomology ring with rational coefficients of the total space
of a fiber bundle with equivariantly formal fibers. We assume tacitly that all spaces have a
basepoint and that all maps are basepoint-preserving. By the fiber of a fiber bundle over a
space M, we mean the fiber above the basepoint of M.

For any continuous fiber bundle f: E — M with fiber F' and group G, the diagram (1.2)
induces a commutative diagram of ring homomorphisms

H*(E) <— H(F)

H* (M) <— H*(BG).

Thus, both cohomology rings H*(M) and H;(F) are H*(BG)-algebras, and we can form their
tensor product over H*(BG).

Theorem 3. Let f: E — M be a continuous fiber bundle with fiber F and structure group G.
Suppose F is equivariantly formal and its cohomology ring H*(F) is finite-dimensional. Then

(i) there is a ring isomorphism
a®@b— (ffa)h*b;
(ii) the pullback map f*: H*(M) — H*(E) is injective.

Proof. (i) Because E is isomorphic to the pullback A*(Fg) of Fg, the map h: E — Fg maps the
fiber F of E isomorphically to the fiber of F;. Hence, the inclusion map of the fiber, FF — Fg,
factors as

FSENF.

This means that in cohomology, the restriction map H*(Fg) — H*(F) factors through h*:
HE(F) % HY(E) — H*(F).

Since the restriction Hj,(F) — H*(F) is surjective by the hypothesis of equivariant formal-
ity, there are classes by,...,b, in Hj(F) that restrict to a basis for H*(F). Then h*by,...,
h*b, are classes in H*(E) that restrict to a basis for H*(F). By the Leray—Hirsch theorem
([6, Th. 5.11 and Exercise 15.12] or [18, Th. 4D.1, p. 432]), the cohomology H*(E) is a free
H*(M)-module with basis h*by, ..., h*b,.

Next consider the fiber bundle F; — BG. By the Leray—Hirsch theorem again, H*(Fg) is a
free H*(BG)-module of rank r with basis by,...,b,. It then follows that H*(M) @ pc) Hg(F)
is a free H*(M)-module of rank r with basis 1 ® by, ..., 1 ®b,. The ring homomorphism ¢ in
(3.1) is a homomorphism of free H*(M)-modules of the same rank. Moreover, ¢ sends the
basis 1 ® by,...,1 ® b, to the basis h*by,...,h*b,, so ¢ is an isomorphism.

(i) If {a;} is a basis for H*(M), then {a; ® 1} is part of a basis for H*(M) @y pg) H(F) ~
H*(E). Hence, f*: H*(M) — H*(E) is injective. O
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Let h: E — Fg be a map that covers the classifying map hA: M — BG of the fiber bundle
f: E — M. By Theorem 3, a cohomology class in H*(E) is a finite linear combination of
elements of the form (f*a)h*b, with a € H*(M) and b € H}(F). Under the hypothesis that the
fiber is a compact oriented manifold, by the projection formula [6, Prop. 6.15],

f((ffa)h*b) = af.h*b.
Hence, to describe the pushforward f,: H*(E) — H*(M), it suffices to describe f. on the

image of h*: Hj(F) — H*(E). Since f*: H*(M) — H*(E) is an injection, it is in turn enough
to give a formula for f* f,h*b for b € H(F). This is what we will do in Section 5.

4. THE RELATION BETWEEN G-EQUIVARIANT COHOMOLOGY AND T-EQUIVARIANT
COHOMOLOGY

In the next two sections, let G be a compact connected Lie group acting on a manifold F
and 7' a maximal torus in G. Denote the normalizer of T in G by Ng(T'). The Weyl group of
T in G is the quotient group W := Ng(T)/T. It is a finite reflection group. The equivalence
class in W of an element w € Ng(T') should be denoted [w], but in practice we use w to denote
both an element of Ng(7T') and its class in W. In a finite reflection group, every element w is a
product of reflections and has a well-defined length length(w), the minimal number of factors
of w when expressed as a product of reflections. We define the sign of an element w to be
(_ l)w — (_ l)length(w)‘

The diagonal action of G on EG X F in (1.1) may be written on the right as

(e,x)g = (eg, g 'x) for (e,x) e EGx Fand g € G.
Since EG = ET, this action induces an action of the Weyl group W on the homotopy quotient
Fr=ET xpF=(ET XF)/T:

(e,x)T -w= (e,x)wT for (e,x)T € Frandw € W.

(In general, if a Lie group G containing a torus T acts on the right on a space Y, then the Weyl
group W acts on the right on the orbit space Y /T.) It follows that there is an induced action
of W on Hj(F). Again because EG = ET, there is a natural projection j: Fr — Fg. As ex-
plained in [24, Lemma 4], since j: Fr — Fg is a fiber bundle with fiber G /T, the induced map
7' HE(F) — Hj(F) identifies the G-equivariant cohomology H((F) with the W-invariant
elements of the T-equivariant cohomology H; (F). In particular, j* is an injection.

For a torus T of dimension ¢, the cohomology of its classifying space BT is the polynomial
ring

H*(BT) ~ Qluy, ..., u] 4.1)
(see [24, §1]), and H*(BG) is the subring of W-invariants:
H(pt) = H*(BG) ~ Qluy, ..., us]". “4.2)

5. PUSHFORWARD FORMULA

In this section, G is a compact connected Lie group acting on a compact oriented manifold
F,and f: E — M a C” fiber bundle with fiber F' and structure group G. Let T be a maximal
torus in G. The action of G on the fiber F restricts to an action of 7 on F. For simplicity
we assume for now that the fixed point set F7 of the T-action on F consists of isolated fixed
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points. (Note that F7 is the fixed point set of T on F, while Fr is the homotopy quotient of F
by 7.) For a fixed point p € F7, let ip: {p} — F be the inclusion map and

i*: Hp(F) — Hy ({p}) ~ H*(BT)

the restriction map in equivariant conomology. The normal bundle v, of {p} in F is simply the
tangent space T,F over the singleton space {p}. Since the torus 7" acts on 7,F, the normal
bundle v, is a T-equivariant oriented vector bundle. As such, it has an equivariant Euler
class e’ (v,) € H*(BT), which is simply the usual Euler class of the induced vector bundle
of homotopy quotients (v,)7 — {p}r = BT. At an isolated fixed point of a torus action, the
equivariant Euler class e’ (v,) of the normal bundle is nonzero and is therefore invertible in the
fraction field of the polynomial ring H*(BT) (see [3, pp. 8-91). For b € H;(F), the fraction
(ixb)/e” (v,) is in the fraction field of H*(BT).

Lemmad. Let w: F — pt be the constant map, 7ig: Fg — ptg = BG the induced map of homo-
topy quotients, and t* = rj;: H(pt) — HE(F) the induced map in G-equivariant cohomology.
If F has a fixed point p, then ©* is injective.

Proof. Let i: pt — F send the basepoint pt to the fixed point p. Then i is a G-equivariant map
and 7 o i = id. It follows that i* o 7* = id on H(pt). Hence, ©* is injective. O

Keeping the notations of Sections 3 and 4, we let h: E — F be a map that covers a classi-
fying map as in (1.2) and j: Fy — Fg the natural projection.

Theorem 5. Let f: E — M be a smooth fiber bundle with fiber F and structure group G.
Let T be a maximal torus in G. Suppose F is a compact oriented equivariantly formal mani-
fold and T acts on F with isolated fixed points. Then for b € Hf,(F), the rational expression
Yperr (i5j°b)/e" () is in HE(pt) and the pushforward map f,: H*(E) — H*(M) is com-
pletely specified by the formula

i,j*b

: 5.1
LT ol

where the sum runs over all fixed points p of the torus T on F, and ©t* := 7}, is the canonical
map H*(BG) — HE(F). (See diagram (5.4) below for how the various maps fit together.)

Remark. A priori, (i;j*b)/eT(vp) is a rational expression in uy,...,u; (see (4.1)). However, it
is part of the theorem that the sum Y., pr (i%7*b) /e’ (v,) is in fact a W-invariant polynomial in
ui,...,uy, and hence is in H(pt).

Proof of Theorem 5. For any G-space X, there is a natural projection X7 — X of homotopy

quotients. Hence, there is a commutative diagram

FG<]—FT

]

BG = pt; =<—— pty = BT.
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We append this commutative diagram to the commutative diagram arising from the classifying
map of the fiber bundle £ — M:

h J

E g Fr
fl l”o lﬂr (5.3)
M — BG <——BT.

By the push-pull formula ([5, Prop. 8.3] or [10, Lem. 1.5]), this diagram induces a commutative
diagram in cohomology

H (E) <— Hy(F)—

f*l l l (5.4)

H*(M) < — H*(BG) = H*(BT),

where the two horizontal maps on the right are injections by the discussion of Section 4 and,
to simplify the notation, we write 7, for 7, . Thus, for b € Hj(F),

filh*'b=h*mb=h'r, j°b. (5.5)

By the equivariant localization theorem for a torus action ([3], [4]),

T b= l;’J b € H*(BT).
pEFT e (VP)
(The calculation is done in the fraction field of H*(BT), but the equivariant localization the-
orem guarantees that the sum is in H*(BT).) By the commutativity of the second square in
(5.4), m,.j*b € H*(BG).
Taking f* of both sides of (5.5), we obtain

[ fh*b = f*h*m, b

=h*n*m, jb
i5j*b
B aa 0
pEFTe (VP)

6. GENERALIZATIONS OF THE THEOREM

On the total space E of a fiber bundle f: E — M with fiber F' and structure group G, there are
two special types of cohomology classes: (i) the pullback f*a of a class a from the base, and
(ii) the pullback #*b of a class b from the universal bundle Fg in the commutative diagram (1.2).
The first type is usually called a basic class. For lack of a better term, we will call the second
type an equivariant fiber class. According to Theorem 3, if the fiber F of the fiber bundle
is equivariantly formal and has finite-dimensional cohomology, then every cohomology class
on E is a finite linear combination of products of basic classes with equivariant fiber classes.
Therefore, by the projection formula, to describe the pushforward map f,: H.(E) — H.(M),
it suffices to describe the pushforward f.(h*b) of an equivariant fiber class i*b.
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While the hypothesis of equivariant formality is essential to describe completely the Gysin
map in Theorem 5, a closer examination reveals that it is not needed for formula (5.1) to hold.
In fact, formula (5.1) holds for any smooth fiber bundle, with no hypotheses on the fiber. In
case f*: H*(M) — H*(E) is injective, as in Theorem 5, formula (5.1) determines f,(h*b) and
gives a pushforward formula for the equivariant fiber class 2*b. We state the conclusion of this
discussion in the following theorem.

Theorem 6. Let f: E — M be a smooth fiber bundle with fiber F and structure group G.
Suppose a maximal torus T in G acts on F with isolated fixed points. Then for b € H;(F),

In case the pullback f*: H*(M) — H*(E) is injective, this formula determines the pushforward
f«(h*b) of the equivariant fiber class h*b of E.

If the fixed points of the T-action on the fiber F' are not isolated, Theorem 5 still holds
provided one replaces the sum over the isolated fixed points with the sum of integrals over the

where C runs over the components of F' T, ic: C — M is the inclusion map, and V¢ is the
normal bundle to C in M. The Euler class eT(VC) is nonzero [3], essentially because in the
normal direction T has no fixed vectors, so that the representation of 7" on the normal space at
any point has no trivial summand.

Although the formula in Theorem 5 looks forbidding, it is actually quite computable. In the
rest of the paper, we will show how to derive various pushforward formulas in the literature
from Theorem 5.

7. THE EQUIVARIANT COHOMOLOGY OF A COMPLETE FLAG MANIFOLD

In order to apply Theorem 5 to a flag bundle, we need to recall a few facts from [24] about the
ordinary and equivariant cohomology of a complete flag manifold G/T, where G is a compact
connected Lie group and 7" a maximal torus in G.

A character of a torus T is a multiplicative homomorphism y: T — C*, where C* is the
multiplicative group of nonzero complex numbers. If we identify C* with the general linear
group GL(1,C), then a character is a 1-dimensional complex representation of T'. Let 1" be the
group of characters of T, written additively: if o, € T and 7 € T, then we write

t*:=a() and P .=a()p().
Suppose X — X /T is a principal T-bundle. To each character ¥ of T, one associates a
complex line bundle L(X /T,y) on X /T by the mixing construction
L(X/T,y) =X x,C:= (X xC)/T,
where T acts on X x C by
(x,v) -1 = (xt, y(1™")v).
Associated to a compact connected Lie group G and a maximal torus 7 in G are two princi-
pal T-bundles: the principal T-bundle G — G/T on G/T and the universal T-bundle ET — BT
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on the classifying space BT. Thus, each character y: T — C* gives rise, by the mixing con-
struction, to a complex line bundle

Ly:=L(G/T,y) =G x,C
on G/T and a complex line bundle

on BT.
The Weyl group W of T in G acts on the character group T of T by

(w1 (1) = y(w™1w).
If the Lie group G acts on the right on a space X, then the Weyl group W acts on the right on
the orbit space X /T by
rw(xXT) = (xT)w = xwT.
This action of W on X /T induces an action of W on the cohomology ring H*(X /T). Moreover,
forweWandyeT,
r;:)L'y - LW")H r;:)S'y - SW')/
(see [24, Prop. 1]).
Fix a basis X1, ..., ¢ for the character group 7', and let
yi=ci(Ly) € H*(G/T) and u; = c1(Sy,) € H*(BT)
be the first Chern classes of the line bundles L,, and S,, on G/T and on BT respectively. Then
H*(BT) = Qluy,...,u.
The Weyl group W acts on the polynomial ring Qlu,...,u] by
weitj =w-c1(Sy,) = c1(Swy)-

It acts on the polynomial ring R := Q[yy,...,y¢] in the same way. The cohomology ring of G/T
is

H*(G/T) = Ql,....yd/(RY),
where (RY) is the ideal generated by the homogeneous W-invariant polynomials of positive

degree in R (see [24, Th. 5]). Since the cohomology of G/T has only even-degree elements,
by Proposition 2 the space G/T is equivariantly formal under the action of any connected Lie

group.
Consider the fiber bundle (G/T )7 — BT with fiber G/T. Since G/T is equivariantly formal
and has finite-dimensional cohomology, by Theorem 3, there is a ring isomorphism

¢: H'(BT) ©p+(86) H(G/T) = Hr(G/T),
a® b (mra)j*b.
Now
(G/T)6 = EG x(G/T) ~ (EG)/T = BT. (7.1)
Thus,
H;(G/T) ~H*(BT) = Q[uy,...,u.
It is customary to denote @(u; ® 1) = 7} (u;) € H7(G/T) also by u;, but we will write
Ji=o(l®uw) = j () € Hr(G/T).
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Then the T-equivariant cohomology of G/T may also be written in the form
H;(G/T) = @[ub" . 7“[57)‘717" . 7)715]/37

where J is the ideal generated by p(¥) — p(u) as p runs over the invariant polynomials of
positive degree in ¢ variables [24, Th. 11]. Since j*: H;(G/T) — H;(G/T) is a ring homo-
morphism, we have
Jb(u) =b(¥1,...,5¢) =: b(F). (7.2)
The maximal torus T acts on G/T by left multiplication, and the fixed point set is precisely
the Weyl group W = Ng(T)/T. At a fixed point w € W, we have the following two formulas:

(i) (Restriction formula for G/T) [24, Prop. 10] The restriction homomorphism
it Hy(G/T) — Hy ({w}) ~ H*(BT)
is given by
Inu; = u;, 0y =w-u;.
(ii) (Euler class formula) [24, Prop. 13] The equivariant Euler class of the normal bundle
V,, at the fixed point w € W is

el () =w- < I1 cl(Sa)> = (=" [] c1(Sa) € H*(BT),

acAt acNt

where AT is a choice of positive roots of the adjoint representation of 7" on the com-
plexified Lie algebra of G.

8. COMPLETE FLAG BUNDLES

In this section G is a compact connected Lie group with maximal torus 7', and f: E — M is
a fiber bundle with fiber G/T and structure group G. Let X — M be the associated principal
G-bundle. Then
E=Xxc(G/T)~X/T
and M ~ X /G, so the given bundle is isomorphic to X /T — X /G.
With F = G/T in the commutative diagram (5.3), yielding

E—" (G/T)g <1— (G/T)r
f lﬂg lﬂr (8.1)
M ——BG BT,

we see that the equivariant fiber classes on E are of the form i*b(u), where
b(u) =b(uy,...,up) € H;(G/T) ~H*(BT) = Q|uy,. .., uy.
Theorem 7. For b(u) € H*(BT) ~ H(G/T), the pushforward of h*b(u) under f is given by

s = F e () e (LoD,

e [laen+c [Toen+c1(Sa)
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Proof. Because G/T is equivariantly formal, Theorem 5 applies. Under the action of 7 on
G/T by left multiplication, the fixed point set is the Weyl group W = Ng(T)/T C G/T, so in
Theorem 5, FT = W, a finite set, and

i,J b(u)
wew eT (VW)

.k i,b(y)
=h by (7.2
T ng () (by (7.2))

:h*n*wgv,vw' (%)

(by the restriction and Euler class formulas)

_ <Zwew(_1)ww'b(u)>'

it b(u) = h* "

[aen+c1(Sa)
In the last line we have omitted 7* because it is injective (Lemma 4), so that H*(BG) can be
identified with a subring of H;(G/T). O

9. THE CHARACTERISTIC MAP

If T is a torus and 7" its character group, we let Sym(7") be the symmetric algebra of 7' over
the field Q of rational numbers; if ¥, ..., x is a basis for the character group 7', then

Sym(T) = Qlx1,. - xi)-
Associated to a principal T-bundle X — X /T is an algebra homomorphism ¢ = cy T Sym(7)
— H*(X /T) called the characteristic map of X /T.
Each character y € T gives rise to a complex line bundle L(X /T,y) = X x,C — X/T, as
discussed in Section 7. Define c: T — H?*(X/T) by
c(y) = the first Chern class ¢; (L(X/T,Y)) € H*(X/T).

This map can be checked to be a homomorphism of abelian groups [24, Section 1]. The
extension of this group homomorphism to an algebra homomorphism ¢: Sym(7) — H*(X/T)
is the characteristic map of X /7.

The associated line bundles satisfy the following functorial property.

Lemma 8. Let (h,h) be a T-equivariant bundle map from X — X /T to Y — Y /T. For each
character 'y of T, the map h pulls the bundle L(Y /T,Yy) back to L(X /T, Y):

h*L(Y/T,y) =~ L(X/T,7).
Proof. An element of A*L(Y /T,7) is an ordered pair (xT,[y,V']7) such that yT' = h(xT) =
h(x)T. Hence, y = h(x)t for some ¢ € T and
[y,V/]T = V_l(x)t7vl]T = [E(X)JVI] = [}_l(X),V]T,

where we set v =1V = y(t)v'.
The map ¢: W*L(Y/T,y) — L(X/T,7),

(xT, [h(x),v]) = [x,V],

is a well-defined bundle map and has an obvious inverse. U
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It follows from this lemma that the characteristic map also satisfies a functorial property.

Lemma 9. Under the hypotheses above, the diagram

Sym
y K ©.1)
“(X/T)

H*(YT)

is commutative.
Proof Forye T,
W (eyr() = (e (LY /T,7) ) =1 (W (LY /T,9) ) = €1 (LT, ) = exn ().

Since /" o cy 7 and cy 7 are both algebra homomorphisms and Sym(7") is generated by ele-
ments of T, the lemma follows. O

Suppose a compact Lie group G with maximal torus 7 acts on the right on two spaces X
and Y in such a way that X — X /G and Y — Y /G are principal G-bundles. Then X — X /T
and Y — Y /T are principal T-bundles, and the Weyl group W = Ng(T)/T acts on T, X /T,
and Y /T, thus inducing actions on Sym7, H*(X/T), and H*(Y/T). By [24, Cor. 2], the
characteristic maps cy 7 and ¢y 7 are W-homomorphisms. If h: X —Y is a G-equivariant map,
h: X/T — YT is the induced map, and r,, and ), are right actions of w € W on X /T and Y /T
respectively, then /o r,, =7}, o h, so the induced map h*: H*(Y /T) — H*(X /T) in cohomology
is also a W-homomorphism. Thus, all three maps in the commutative diagram (9.1) are W-
homomorphisms.

Lemma 10. Suppose a group G containing a subgroup T acts on the right on two spaces X and
Y, and h: X — Y is a G-equivariant map. If h: X /G — Y /G is the induced map of quotients,
then the pullback by h commutes with the quotient by T :

(B"Y)/T = h*(Y/T).
Proof. By inserting quotients by T in the pullback diagram, we have a commutative diagram
Y ——=Y

.

('Y)/T —=¥/T

L

By the definition of pullback,
Y = {(xG,y) € X/G xY | h(x)G = yG}.

Hence,
(h*Y)/T = {(xG,y)T = (xG,yT) € X/Gx YT | h(x)G = yG}.
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On the other hand,
h*(Y/T)={(xG,yT) € X/Gx Y /T | h(x)G = yG}.
Thus,
(h°Y)/T = (Y/T). 0

Now let G be a compact Lie group with maximal torus 7 and X — X /G a principal G-
bundle. Let h: X /G — BG be the classifying map of X — X /G, so that there is a commutative
diagram

X—" - EG

L

X/G — BG
with X ~ h*(EG). Let h: X/T — (EG)/T be the map of quotients induced from 4. By
Lemma 10 and (7.1),
X/T = (WEG)/T = ' (EG/T) = ' (BT) ~ " ((G/T)q).
We therefore have the commutative diagram
X/T -~ (EG)/T =BT ~ (G/T)q

e

In Theorem 7, let b(u) be the characteristic class cgr/7(Y) = c1(Sy) € H*(BT) for some
y € Sym(T). By Lemma 9, in which we take Y = EG = ET,
W r(Y) = cx/r(Y)-
Because h* and cx /7 commute with the action of the Weyl group, Theorem 7 becomes

F fexn(y) = Ywew (=1)"w-h*cgr/r(y) _ Ywew (—1)"w-cx,r ()
[laen+ h*CET/T(a) [laen+ CX/T(a)
~exyr (Lwew(=1)"w-7)
B cx/r (HozeA+ OC)
which agrees with Brion’s pushforward formula for a complete flag bundle [8, Prop. 1.1], with
the difference that our formula is in the differentiable category with G a compact connected

Lie group, while Brion’s formula is in the algebraic category with G a reductive connected
algebraic group.

)

10. PARTIAL FLAG BUNDLES

Keeping the notations of the preceding two sections, let H be a closed subgroup of the
compact connected Lie group G containing the maximal torus 7. The map f: X/H — X /Gis a
fiber bundle with fiber G/H and structure group G, with G acting on G/H by left multiplication.
Since G/H has cohomology only in even degrees [24, Th. 6], it is equivariantly formal, so
Theorem 5 suffices to describe the Gysin map of f.



COMPUTING THE GYSIN MAP USING FIXED POINTS 15

Denote by Wy and W the Weyl groups of T in H and in G respectively. By Lemma 1 there
is a bundle map (h,h) from the fiber bundle f: X /H — X /G to the fiber bundle n: (G/H)g —
BG. The cohomology of (G/H) = (EG) Xx¢G/H = EG/H = BH is

H.(G/H)=H*(BH) = H*(BT)"" = Qluy,...,u]",

the ring of Wy-invariant real polynomials in uy,...,u; (see (4.2)). Choose a set A1 (H) of
positive roots of H and a set A of positive roots of G containing A" (H).

Theorem 11. For b(u) € H*(BH), the pushforward of the equivariant fiber class h*b(u) €
H*(X/H) under f is given by

weworwy  \Taear—a+@c1(Sa)

Proof. By [24, Prop. 14, Th. 11(ii), Th. 19] we have the following facts concerning the equi-
variant cohomology of G/H:

(i) The fixed point set of the action of 7' on G/H by left multiplication is
Wi /Wy = Ng(T)/Nu(T) = No(T)/(Na(T)NH) C G/H.
(ii) The T-equivariant cohomology of G/H is
H; (G/H) = (Q[ul,...,ug] ®@[}71,...,)74]W”)/3,

where J is the ideal generated by p(¥) — p(u) as p ranges over all Wi-homogeneous
polynomials of positive degree in ¢ variables.

(iii) (Restriction formula for G/H)If i,,: {w} < G/H is the inclusion map of a fixed point
w € Wi /Wy, then the restriction homomorphism

iv,: Hy(G/H) — Hr ({w}) ~ H*(BT)
in equivariant cohomology is given by
i =i, B f(F) =w- fu)

for any Wy-invariant polynomial f(¥) € Q[§,...,7]"".
(iv) (Euler class formula) The equivariant Euler class of the normal bundle v,, at a fixed
point w € Wg /Wy is

el (vy) =w- < I cl(Sa)> .
aeAt—A+(H)

By plugging these facts into Theorem 5, the theorem follows as in the proof of Theorem 7.
0

11. OTHER PUSHFORWARD FORMULAS

In this section we show that the Borel-Hirzebruch formula [5] may be derived in the same
manner as Theorem 5 and that the formulas of Fulton—Pragacz [14] for a complete flag bundle
and Pragacz [23] for a Grassmann bundle are consequences of Theorem 5.
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11.1. The Borel-Hirzebruch Formula. As before, G is a compact connected Lie group with
maximal torus 7. Let EG — BG and ET — BT be the universal principal G-bundle and T'-
bundle respectively. Since BT = (ET)/T = (EG)/T and BG = (EG)/G, the natural projection
m: BT — BG is a fiber bundle with fiber G/T. From Theorem 5 we will deduce a formula of
Borel and Hirzebruch for the Gysin map of BT — BG. Although the Borel-Hirzebruch formula
concerns a fiber bundle with a homogeneous space G/T as fiber, it is not a special case of the
formulas of Akyildiz—Carrell [2] or Brion [8], because BT and BG are infinite-dimensional. It
is, however, amenable to our method, because BT and BG are homotopy quotients of finite-
dimensional manifolds by the group G.

Let W be the Weyl group of T in G. Let ¢, . .., o, be a choice of positive roots for T in G,
and write a; = c1(Sq,) € H*(BT) for their images under the characteristic map.

Theorem 12 ([5], Th. 20.3, p. 316). For x € H*(BT), the pushforward under T, is

_ ZWEW(_I)WW’X
aj---apm

T X

Proof. If we represent BT as the homotopy quotient (G/T )¢ and BG as the homotopy quotient
(pt)g, then there is a commutative diagram

BT = (G/T)¢ <~1— (G/T)r

BG = (pt)g <— (pt)r =BT.

By the push-pull formula ([5, Prop. 8.3] or [10, Lem. 1.5]), this diagram induces a commutative
diagram in cohomology

H*(BT) —~ H}(G/T)

H*(BG) — H*(BT),

where the horizontal maps are injections by the discussion of Section 4. Forw € W C G/T, let
iw: {w} — G/T be the inclusion map and i},: H;(G/T) — H; ({w}) = H*(BT) the restriction
map in equivariant conomology. For x = b(u) € H*(BT ), recall that j*b(u) = b(¥) and i}, b(¥) =
w-b(u). As in the proof of Theorem 5, by applying the equivariant localization theorem to the
T-manifold G/T, we obtain

" (s
mx = mb(u) = 7, j b(u) = 7, b(y) = w;y :’v;(\(/i))
_ ‘ b(u) > _ Lwew(=D"w-b(u)  Yew(=1)"w-x 0
W;‘VW <HaeA+ c1(Sa) [Maen+ c1(Sa) Maen+ai
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11.2. The Associated Complete Flag Bundle. Suppose V — M is a C* complex vector bun-
dle of rank n. Let f: F/(V) — M be the associated bundle of complete flags in the fibers of
V. It is a fiber bundle with fiber G/T, where G is the unitary group U(n) and T is the maximal
torus
I
T=<1t= eU(l) p=U(1) x---xU(1) =U(1)".
In

The Weyl group of T in U(n) is S,, the symmetric group on n letters [9, Th. IV.3.2, p. 170].

Consider the basis X, ..., X, for the characters of T, where ;(r) = t;. A simple calculation
of tAt~!, where t € T and A = [a;;] is an n x n matrix, shows that the roots of U(n) are xl-xjfl,
i # j, or in the additive notation of this paper, x; — x;. (The root x; — x; is the function: T —
U(1) given by tX% = y;(t)x,; (1) ! = titj_l.) These are the global roots, not the infinitesimal
roots, of a Lie group [9, Def. V.1.3, p. 185]. A choice of positive roots for U(n) is

A= (- 1<i<j<n.
Recall from (7.1) that (G/T)g = BT. By Lemma 1, there are bundle maps % and A,
FI(V) —~ (G/T)g = BT

M BG,

h

and correspondingly, ring homomorphisms in cohomology

H*(FU(V)) < H*(BT) ~Qluy,...,u,]

7| J

H*(M) ~—— H*(BG) ~ Qlut, .- ,un)5.

By (4.2), the vertical map on the right is an injection. By Theorem 3, the elements q; :=
h*(u;) € H*(F((V)) generate H*(F((V')) as an algebra over H*(M).
We will now deduce from Theorem 7 a formula for the pushforward map f...

Proposition 13. For the associated complete flag bundle f: F{(V) — M, if b(u) € H*(BT) =

Q[ul,...,ug], then
b (M@
f* fib(a) = Z (Hi<j(ai_aj)>’

wesS,

where w-b(ay,...,a,) = b(aw(l),...,aw(n)).

Proof. Since h*: H*(BT) — H* (F{(V)) is aring homomorphism, for b(u) € H*(BT) = Quy, ..., uy),

b(a) = b(ay,...,a,) = b(h*uy,...,h*u,) = h*b(uy,...,u,) = h*b(u) € H*(FE(V)).
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By Theorem 7,
F*fubla) = £ £ blu)

ML (o)

Since h* commutes with w (p. 13),
R (w-b(u)) =w- (h*b(u)) =w-b(a).
If € AT, then ot = y; — x; for some 1 < i < j <n, so that

;L*Cl(Sa) = ljl*Cl (Sxiij) = ljl* (l/t,' — Ltj) =da; — dj.

Hence,
b(a)
[T fbla)= ) w- (7) ,
wgn [Ti<(ai —a;)
which agrees with [14, Section 4.1, p. 41]. U

11.3. The Associated Grassmann Bundle. For a complex vector bundle V — M of rank n,
the associated Grassmann bundle f: G(k,V) — M of k-planes in the fibers of V is a fiber bundle
with fiber the Grassmannian G(k,n) = G/H, where

G=U(n) and H=U(k)xU(n—k).
A maximal torus contained in H is T = U(1)". The Weyl groups of T in G and H are
WG = Sn and WH = Sk X Sn,k.

If we let y; and A" be as in Subsection 11.2, a choice of positive roots for T in the subgroup
His
NTH)={xi— x| 1<i<j<kpu{xi—x|k+1<i<j<n}.
By (4.2),
H*(BH) = H*(BT)"" = Q[uy, ... ,u,5 5+,

where u; = ¢ (Sy,).
Over G(k,V) there are a tautological subbundle S and a tautological quotient bundle Q, with
total Chern classes

=~

c(S) =1+c1(S) 4+ +alS) =[](1 +a),
i=1

c(Q)=14c1(Q)++cur(Q) = [] (1 +a).

i=k+1

The a; for 1 <i <k are called the Chern roots of S, and the a; for k+ 1 <i < n the Chern roots
of Q (see [6, §21, The Splitting Principle]). These a; are not cohomology classes on G(k,V),
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but are classes on the complete flag bundle F/(V), each of degree 2. The cohomology ring of
G(k,V)is
H*(M) [Cl (S), ves ,Ck(S),Cl (Q), ves ,Cn_k(Q)]
(c(8)e(Q) = fre(V))
H*(M)®¢gQ[ay,. .., a5+
(MM +a;)—(1+e1+--+ey))’

H*(G(k,V)) =

where ¢; is the i-th Chern class ¢;(f*V).

Proposition 14 ([23], Lemma 2.5). For the associated Grassmann bundle f: G(k,V) — M, if
b(a) = b(ay,...,a,) € Qlay,...,a,>5*, then its pushforward under f, is given by

“E bla) = ", b(a)
f*f:b(a) Y | <H" )

WESy/(SkX Sp_k i=1 H;!:k+l (ai—aj)

Proof. For p € M, denote the fiber of the vector bundle V over p by V, and let F{(V) —
G(k,V) be the natural map that sends a complete flag A} C --- C A, = V, where dimc A; =i
to the partial flag Ay C V,,. Let G =U(n), H =U(k) x U(n—k), and T = U(1)". This map
F((V) — G(k,V) is a fiber bundle with fiber H /T and group G. If P is the bundle of all unitary
frames of the vector bundle V, then P is a principal G-bundle, and F{(V) = P x5 (G/T) and
G(k,V) =P x(G/H) are the associated fiber bundles with fiber G/T and G/H respectively.

Recall that (G/H)g = EG X (G/H) ~ BH. As in Lemma 1, the classifying map h: M —
BG of the principal bundle P — M induces a commutative diagram of bundle maps

and correspondingly, a diagram of ring homomorphisms in cohomology

H*(FUV)) <" H*(BT) ~ Qlui, .., ]

H* (G(k,V)) <L H*(BH) ~ @[“17 ’un]SkXS,,,k
f*T U
H*(M) — H*(BG) ~ Q[uy, ... ,un).

As in Subsection 11.2, the Chern roots a; are precisely h*(u;).
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By Theorem 11,
[ fibla) = [ fuh"b(u)

b(u)
WGV‘%WH <H(XGA+A+(H)C1 (Soc)>

b
S w.< b ) .
WES/(Skx Sp—r) [Ti=: Hj:k.H (ai— dj)

12. SYMMETRIZING OPERATORS

Interpolation theory is concerned with questions such as how to find a polynomial on R”"
with given values at finitely many given points. In interpolation theory there are symmetrizing
operators that take a polynomial with certain symmetries to another polynomial with a larger
set of symmetries. For example, the Lagrange—Sylvester symmetrizer takes a polynomial sym-
metric in two sets of variables xi,...,x; and xxy1,...,X, separately to a polynomial symmetric
in all the variables xi,...,x,. A curious byproduct of our Theorem 5 is that it provides a
geometric interpretation and consequently a generalization of some symmetrizing operators in
interpolation theory [20].

Let X, = (x1,...,x,) be a sequence of variables and Z[X,] = Z[xy,...,x,] the polynomial
ring over Z generated by xi,...,x,. The Lagrange-Sylvester symmetrizer is the operator
Az ZX, )55k — Z[X, )5 taking b(x) € Z[X,]5F*S+ to

b(x)
Ab(x) = .
) wesn/(%}xsnk) " (Hf—1 H;!:k+1 (xj —Xi)>

The Jacobi symmetrizer is the operator 9 : Z[X,] — Z[X,]> taking b(x) € Z[X,,] to

Ob(x)= Y, w ($>

wesSy,

Let G be a compact Lie group of rank n and H a closed subgroup containing a maximal
torus T of G. Let Wy and Wg; be the Weyl groups of T in H and in G respectively. Theorem 5
suggests that to every compact Lie group G and closed subgroup H of maximal rank, one can
associate a symmetrizing operator on the polynomial ring Z[X,]"" as follows.

The map n: G/H — pt induces a pushforward map in G-equivariant cohomology,

m.: H;(G/H) — Hg(pt).
Now the G-equivariant cohomology with integer coefficients of G/H is
Hg(G/H) = H"(BH) = Z[X,]""
and the G-equivariant cohomology with integer coefficients of a point is
H(pt) = H*(BG) = Z[X,]".

For the action of T on G/H, the fixed point set is Wi /Wy. Let AT (H) be a set of positive
roots of H, and A™ a set of positive roots of G containing A" (H). As in Section 7, cpr /T
is the characteristic map of BT = ET /T. The equivariant Euler class of the normal bundle at
the identity element of G/H is [Tgen+—a+(m)cer/r(@) € H*(BT) ~ Z[X,] (see [24, Th. 19]).
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Following our computation for the Gysin maps of a complete flag bundle and a Grassmann
bundle (but with integer instead of rational coefficients), we define the symmetrizing operator

O: Z[X, )" — Z[X,]e

to be the operator taking b(x) € Z[X,]" to

Obx)= ) w bx)

weWg /Wi HaeA*—AﬂH) CET/T(a)

The Lagrange—Sylvester symmetrizer is the special case G = U(n), H = U(k) x U(n— k), and
T =U(1)", and the Jacobi symmetrizer is the special case G =U(n) and H =T = U(1)".
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